The early Universe was composed almost entirely of hydrogen and helium, with only trace amounts of heavy elements. It was only after the first generation of star formation that the Universe became sufficiently polluted to produce a second generation (Population II) of stars which are similar to those in our local Universe. Evidence of massive star cluster formation is nearly ubiquitous among the observed galaxy population and if this mode of star formation occurred at early enough epochs, the higher densities in the early Universe may have caused many of the stars in the cluster to strongly interact. In this scenario, it may be possible to form a very massive star by repeated stellar collisions that may directly collapse into a black hole and form a supermassive black hole seed. In this chapter, we will explore this scenario in detail to understand the dynamics which allow for this process to ensue and measure the probability for this type of seed to represent the supermassive black hole population observed at z > 6.
Introduction
In previous chapters, we have explored the conditions for black holes to form via a direct, monolithic collapse (chapters 5 & 6). The latter is however not the only possible pathway for black hole formation. In fact, as we saw in chapter 4, the first stars in the Universe are expected to form as clusters, and even denser and more compact clusters may form after trace amounts of metal enrichment. The first Population II star clusters to form in the Universe may be ideal laboratories for dynamically building supermassive black hole seeds.
In these star clusters, a very massive star (VMS) may form through repeated stellar collisions and mergers which may collapse directly to an intermediate mass black hole (IMBH) if the star becomes massive enough (Heger et al., 2003) . Because the galaxies which formed in the early Universe were significantly more dense than those we observe in the local Universe, it is very likely that the first Population II star clusters which formed were also significantly more dense compared to those observed nearby. Stellar densities in some of the most extreme systems in our local neighborhood can reach values of ∼ 10 5 M /yr (Espinoza et al., 2009) . At these densities, stellar interactions are expected to be frequent (Portegies Zwart et al., 1999) . The core collapse and relaxation timescales of the systems are very short compared to the age of the Universe (at the time these systems were likely to first form) as well as the main sequence lifetimes of the most massive stars a in the system. Therefore, if these stellar densities are commonplace in the first star clusters, it is expected that the mass of the most massive star to form in the cluster is not set by the fragmentation properties of the gas, but rather by the number of mergers or collisions between high mass stars which build a VMS dynamically.
The general dynamical process for forming an IMBH seed from collisional runaway proceeds as follows:
(1) A dense Population II star cluster forms in a metal enriched gas cloud in the early Universe with total mass M c , radius R c , total number of stars N * , and stellar density n * . This star cluster will have a given stellar IMF, ξ, virial ratio, Q, which determines whether the initial velocities of the star cluster are dynamically cold, hot, or virialized, a binary fraction, b, a fractal degree, D, as well as a degree of mass segregation S. There is no guarantee that the initial conditions of the star cluster are spherical, but in the absence of gas, direct N-body experiments show that the star cluster will become spherical rather quickly (Katz et al., 2015) and the shape of the cluster in the initial conditions only weakly affects the final outcome. (2) Once the star cluster has formed, if the IMF is not a delta function, a The main sequence lifetime of very massive stars is expected to plateau at ∼ 3 Myr for high mass (≥ 50 M ).
the massive stars sink to the center of the cluster (if not already segregated at the center) due to dynamical friction. This increases the collision/merger probability of stars in the cluster as the cross sections of these stars are much larger than their lower mass counterparts. Once a collision or merger has occurred, the cross section of the newly formed star increases thus enhancing the probability for a future collision or merger. This process is clearly unstable as the star with the largest cross section is most likely to dominate all subsequent collisions or mergers in the cluster. (3) After the collision/merger time scale in the cluster becomes larger than the main sequence lifetime of the VMS, the star cluster will continue to evolve normally without many more stellar collisions or mergers. The VMS then evolves off the main sequence and depending on its mass and metallicity, it may directly collapse to an IMBH with minimal mass loss (Heger et al., 2003) .
Conceptually, this mechanism for forming a SMBH seed at high redshift is rather simple. Furthermore, unlike two of the other scenarios which remain popular in the literature (Population III star formation and direct collapse), the conditions needed to initiate the process of collisional runaway have been observed in the local Universe -stellar densities high enough for multiple stellar interactions have been observed in the Milky Way. Similarly, the remnants of stellar collisions may have already been observed -it is believed that stellar collisions may be responsible for forming blue stragglers (Sanders, 1970; Hills and Day, 1976; McNamara and Sanders, 1976; Lombardi et al., 1996) , X-ray binaries (Fabian et al., 1975) , and millisecond pulsars (Lyne et al., 1987 (Lyne et al., , 1988 . For this reason, collisional runaway remains worthwhile to explore the probability of this scenario being the dominant seeding mechanism for high redshift SMBHs.
Unfortunately, the evolution of these types of star clusters is highly nonlinear and thus, properly modeling this scenario requires extremely accurate direct N-body integrators (as these systems are highly chaotic). Furthermore, the processes of stellar evolution (single and binary, including that of a merger remnant), stellar mergers/collisions, the gas dynamics and the gravitational effects due to the larger galaxy within which the star cluster is embedded must be modeled correctly. Finally, the initial conditions of this type of star cluster at z > 6 are unknown. Our current best estimates for their properties rely on detailed cosmological hydrodynamic simulations which can only resolve the scales needed to address this issue in single ob-jects, limiting our ability to make general statements. In what follows below and throughout this chapter, we discuss the current, state-of-the-art understanding of the collisional runaway scenario, beginning with the probability of forming a dense star cluster in the early Universe, continuing to the star cluster dynamics and stellar evolution which govern the formation of a VMS, and finishing with evaluating the probability that this scenario is the dominant mechanism for SMBH seed formation.
Forming a High Redshift Birth Cloud
Unfortunately, there is no expectation that the birth clouds in which these star clusters might form at high redshift will be observed any time in the near future. Therefore, our entire understanding of the initial conditions of the star clusters relies on cosmological simulations and analytic modeling. The two conditions required for the formation of a dense, bound star cluster are a metal enriched birth cloud and a high star formation efficiency. The first criteria ensures that the birth cloud will fragment efficiently into a Population II star cluster with many stars, while Population III stars tend to form in smaller groups (Bromm et al., 2002; Turk et al., 2009; Stacy et al., 2010) which may prohibit collisional runaway. The estimated metallicity for efficient fragmentation is Z 10 −4 Z or Z 10 −6 Z in the presence of dust (Omukai et al., 2005; Schneider et al., 2012) . The latter criterium ensures that that a bound star cluster actually forms which is a necessary requirement for collisional runaway to ensue. The properties of a star cluster which forms in a birth cloud with an arbitrary set of properties is an unsolved problem, even at low redshift. However, the fact that old, dense star clusters such as globular clusters exist means that at high redshift, dense birth clouds can form with a high efficiency of gas to star conversion.
Metal Enriched Birth Clouds in a Cosmological Context
Devecchi and Volonteri (2009) used an analytic model to consider the case where metal enriched birth clouds form at the centers of atomic cooling haloes at high redshift. In this model, they assumed that Population III star formation occurs in the low mass mini-haloes which merge to form the more massive object, therefore setting the global metallicity of the halo above the critical value needed for efficient fragmentation. They assume that a gaseous disk forms as the baryons condense from the halo and that the Toomre parameter is sufficiently high so that the disk does not fragment efficiently. This allows a massive star cluster to form in the center of the disk which may undergo collisional runaway. This is put into a cosmological context by using theoretical halo mass functions as a function of redshift (Press and Schechter, 1974) , and assuming a metallicity dependent on redshift. Finally, using a model to populate the haloes with star clusters, they check whether the system has a core-collapse time scale less than 3 Myr (i.e. the time at which the first stars are likely to explode as SN) which would be sufficient to develop a runaway instability. The metal enrichment histories are highly uncertain so they provide multiple different models to understand the effect of this parameter (Devecchi and Volonteri, 2009) . Katz et al. (2015) attempted a different approach where they aimed to form the birth clouds of high redshift Population II star clusters from first principles in high resolution cosmological hydrodynamical simulations. The advantage of this approach compared to the analytic models is that one can directly measure the properties of the gaseous birth clouds from the simulation with limited additional assumptions. The disadvantage of this method is that the physical scales required to model the dynamics of the birth cloud are small enough that this method is only practical for few numbers of objects which prohibits making general statements. Nevertheless, the two approaches are complimentary as the former provides global statistics while the later can focus on individual properties of the cloud.
Rather than focusing on nuclear star clusters formed at the center of disk galaxies in atomic cooling haloes, Katz et al. (2015) considered the scenario of the pairwise collapse of two high redshift mini-haloes. If the collapse of the two mini-haloes is slightly offset in time by a few Myrs, the first collapsing object will undergo Population III star formation. The main sequence lifetimes of the average mass Population III star (Hosokawa et al., 2011 ) is expected to be short (∼ 3.9 Myrs (Schaerer, 2002) ) and metals ejected in the supernova of these stars will enrich the gas which will fall in the second object. If the second object is enriched to a level above the critical metallicity for efficient fragmentation, it will form Population II stars where collisional runaway may occur.
In particular, Katz et al. (2015) ran a zoom-in simulation on a pair of mini-haloes with halo masses at collapse of M h ∼ 3 × 10 5 M . The second halo collapsed 12.9 Myr after the first (at z = 28.9) at a distance of 117pc which is more than enough time for the first object to form Population III stars and for the metals from the supernova ejecta to reach the second halo (Ritter et al., 2012) . The evolution of the gas in the second halo was followed in great detail (at a resolution of 0.9 comoving pc h −1 which corresponds to a physical resolution of 0.046 pc at z = 30). The simulations demonstrated that the mass in the center of the second mini-halo can grow to M > 10 4 M in less than 10 Myr within a radius of 1 pc. The exact structure of the central cloud is subject to the resolution in the simulation but is likely to be fragmented, flattened, and ellipsoidal (Katz et al., 2015) . While the structure differs greatly depending on the simulation resolution, the mass contained within a fixed radius is very well conserved indicating that birth clouds with M > 10 4 M and a radius of 1 pc are robustly predicted to form in high redshift mini-haloes. This type of birth cloud may provide the necessary conditions needed to form a dense star cluster which may undergo collisional runaway.
From Birth Cloud to Star Cluster
As described earlier, how a birth cloud with an arbitrary set of initial parameters forms a star cluster remains an open problem in modern astrophysics. This issue is even harder to constrain at high redshift as there is very limited observational data at the metallicities and densities which are common in the early Universe. Of particular interest are properties such as the star formation efficiency (SFE, ) and the stellar initial mass function (IMF). In the local Universe, the most massive and dense cores within a molecular cloud often have embedded star clusters which form with an SFE of ∼ 10 − 30% (Lada and Lada, 2003) . However, Dib et al. (2011) show that the SFE in a given protostellar clump is dependent on metallicity which is primarily due to the longer time required to expel gas at lower metallicity because of weaker stellar feedback (Vink et al., 2001) . Furthermore, simulations show that compact clusters may have been subject to SFEs of ∼ 60 − 70% (Pfalzner and Kaczmarek, 2013) . The SFE is the most important parameter for setting the stellar mass of the star cluster. These quantities, along with the initial stellar density are arguably the two most important parameters in determining how massive a VMS can become (Katz et al., 2015) . In order for collisional runaway to ensue, it is imperative that the cluster remains bound during its formation so that the stars will not become unbound before they can collide or merge.
Similarly, understanding the stellar IMF of the the primordial birth clouds has important implications for whether collisional runaway can proceed. N-body simulations of star clusters show that collisional runaway is often initiated by one of the most massive stars in the cluster because it has the largest radius (Katz et al., 2015) . The rate at which these stars migrate to the center is dependent on the stellar IMF (assuming that the star cluster is not initially mass segregated). Because collisional runaway often begins with the most massive star, the highest mass star in the IMF roughly sets the number of encounters needed to break the threshold of ∼ 250 M needed to directly collapse to an IMBH (Heger et al., 2003) . For example, a birth cloud which forms stars up to 150 M will have a much easier time of forming a VMS compared to an birth cloud which only created 20 M stars as the number of collisions required to break the 250 M threshold increases from two to 12.
Several other parameters in addition to SFE, initial mass, initial density, and stellar IMF are needed to describe the initial state of the star cluster which forms from the primordial birth cloud. These include density profile and structure, degree of initial mass segregation, fractal degree, and binary fraction among others.
Star Cluster Evolution
For the purposes of forming an IMBH in a primordial star cluster due to collisional runaway, there are three relevant outcomes of the star cluster evolution at low metallicity which are interesting to identify. In the best case scenario, multiple stellar collisions lead to the formation of a VMS with M > 260 M which collapses to an IMBH with minimal mass loss. A second scenario occurs when a star undergoes few collisions which creates a VMS with 260 > M > 150 M which likely results in a pair-instability supernova. Finally, in the third scenario, not enough collisions occur and the most massive star in the cluster remains below 150 M and the star cluster evolves normally. The goal is to identify which parameters control the formation of a VMS and with what probability does this process occur.
Relevant Time Scales
Ignoring stellar evolution and the relevant hydrodynamics from any residual gas, the evolution of the star cluster can be described by entirely gravitational processes. The dynamical state of the star cluster is dictated by the relaxation time such that the half-mass relaxation time is
where R c is the half-mass radius of the cluster, G is the gravitational constant, M c is the cluster mass, N c is the number of stars in the cluster, and ln Λ c ∼ 10 is the Coulomb logarithm (Spitzer, 1987) . Because self-gravitating star clusters have negative specific heat (Lynden-Bell and Wood, 1968), they are driven to core collapse where the central density of the star cluster increases very rapidly over a finite time scale (Antonov, 1962; Spitzer and Hart, 1971) . For a system of equal mass stars, the core collapse timescale scales roughly as (Cohn, 1980) . The sharp increase in density in the central regions of the cluster drastically increases the probability for a stellar collision or merger.
In the case of equal mass stars, the core collapse time scale is long compared to the relaxation time scale. The situation is categorically different for star clusters which exhibit a range of initial masses across a stellar IMF compared to a star cluster where all stars share the same mass. In this case, massive stars sink to the center of the cluster due to dynamical friction (Chandrasekhar, 1943) . The inspired time scale can be computed as
wherem is the mean mass of stars in the cluster, and m is the mass of the in-spiraling star (Portegies Zwart and McMillan, 2002) . The larger m is compared tom, the quicker the star will in-spiral. Core collapse in a multimass cluster is then dictated by the time scale it takes for the most massive stars in the cluster to sink to the center. If one considers a Salpeter IMF in the range m min = 0.1 M to m max = 100 M , thenm = 0.39 M and t df = 0.13t rlx for the most massive star in the cluster. Empirically, Portegies Zwart and McMillan (2002) find that for realistic choices of stellar IMFs, t cc ≈ 0.2t rlx . The core collapse time scale of a multi-mass cluster is clearly much shorter than the relaxation time scale. This suggests, that at very early times in the cluster evolution, the densities of multi-mass clusters will grow significantly in the central regions to a point where interactions are probable.
Collisions Versus Mergers
A stellar merger or collision occurs when the radii of two stars overlap.
In principle, a collision may occur randomly in the densest regions of the cluster when the orbital trajectories of two stars have an impact parameter smaller than the sum of the two radii of the stars. However, direct N-body simulations demonstrate that mergers are much more common (Portegies Zwart et al., 1999) . In this case, the massive stars at the center of the cluster form binaries dynamically which are hardened via binary exchanges or three-body interactions. With enough interactions, the binary orbit may lose enough energy or become sufficiently eccentric such that the two stars merge.
In Figure 1 , we show both the number of binaries as a function of time as well as the mass of the VMS as a function of time in one of the fiducial star clusters simulated by Katz et al. (2015) . The vertical dashed black lines indicate the time at which a binary merger occurred whereas there vertical dashed red lines indicated when a stellar collision occurred. In these simulations, the number of binary mergers which contributed to the growth of the VMS totaled seven while the number of collisions was only two. Furthermore, from the bottom panel of this figure, it is clear that stellar collisions provide negligible amount of mass to the growth of the VMS. Hence the growth of the VMS can be linked to the formation and hardening of binaries at the center of the cluster.
Growth of the VMS: Analytical Modelling
Assuming all collisions in the cluster involve the same star, Portegies Zwart and McMillan (2002) provide an analytic equation for the maximum mass that a VMS can grow to such that
where N coll is the average collision/merging rate in the cluster andδ m coll is the average mass increase per collision. Since VMS grow primarily via binary mergers, the collision/merging rate is inherently linked to the formation rate of binaries at the center of the cluster b . Portegies Zwart and McMillan (2002) argue that for a cluster with identical mass stars,
where n bf is the binary formation rate such that
and f c is the fraction of binaries that undergo a merger.
b Here we have assumed that there are no primordial binaries. With the collision rate in hand, the only additional uncertainty is the average mass increase per collision. Following Portegies Zwart and McMillan (2002) , this can be estimated by calculating the minimum mass star which can migrate to the center of the cluster at a time t due to dynamical friction and they find thatδ
Combining Equations 4-7, Portegies Zwart and McMillan (2002) derive an analytical model for the mass at which a VMS grows for an individual cluster and find
where m seed is the mass of the star that initiates the runaway collision process, M c0 is the initial mass of the star cluster, and t dis is the disruption time scale of the cluster. The disruption time scale sets the limit for how massive the VMS can grow. Depending on context, the disruption time scale may refer to any number of effects. In the presence of an external tidal field, t dis is equal to the tidal disruption timescale of the cluster. Similarly, this could also refer to the evaporation time scale of the cluster. Although we have not yet considered how stellar evolution may affect the formation of a VMS, realistic star clusters are indeed subject to stellar evolution and it is almost certainly the main sequence lifetimes of the most massive stars in the cluster that set the disruption time scale. While supernova feedback may not destroy or unbind the cluster, it destroys the massive stars which are the ones most likely to merge, hence preventing any more significant growth of the VMS. For this reason, Devecchi and Volonteri (2009) insert the main sequence lifetime of the most massive stars into Equation 8 to calculate, using an analytical model, the mass of black hole seeds at high redshift.
The Role of Stellar Evolution
Although our previous discussion neglects the effects of stellar evolution, by no means is it unimportant. As alluded to, for star clusters at high redshift, it is almost certainly the main sequence life time of a massive star which sets the disruption time scale rather than a dynamical process. Primarily, the core collapse time scale must be less than the main sequence life time of the most massive stars in the cluster or else runaway stellar collisions will not occur. Since the core collapse timescale is inversely proportional to the square root of density, this condition is almost certainly satisfied by the very high density cluster of interest at high redshift. Runaway stellar collisions simply cannot happen in a cluster where the dynamical time scales are longer than the stellar life times.
However, the effect of stellar winds should also not be underestimated. The strength of stellar winds scales with metallicity so it is expected that stars at solar metallicity will undergo significantly more mass loss than those closer to primordial composition (Vink et al., 1999 (Vink et al., , 2000 (Vink et al., , 2001 . Using results from direct N-Body simulations, Glebbeek et al. (2009) calculated how massive a VMS can become if mass loss due to the collision and stellar winds are taken into account. At solar metallicity, they demonstrate that a star which may grow to over 1000 M due to collisional runaway in the N-Body only case may actually only become a Wolf-Rayet star of ∼ 100 M at the end of its life due to the significant amount of mass loss when stellar evolution is considered. In Figure 2 , we show the growth of a the same VMS in a simulations with and without stellar evolutionary processes from Glebbeek et al. (2009) . While the N-body only run conserves all mass which takes part in the collision, by the end of its life time, the VMS which has formed in the run with stellar evolution has lost the majority of its mass due to stellar winds. Even with 22 mergers, collisional runaway is very unlikely to produce a massive black hole when the cluster is at solar metallicity due to the heavy mass loss from stellar winds. While stellar winds may prevent the formation of IMBHs in high metallicity clusters at low redshift, the gas at high redshift has a composition much closer to primordial. Glebbeek et al. (2009) show that at lower metallicity (i.e. at Z = 0.001 rather than Z = 0.02) the mass loss rates are significantly lower (in this case 13 times lower) which means that the VMS can retain much of its mass. Their simulations show that VMSs with mass > 260 M can form at this metallicity which suggests that even in the presence of stellar winds, collisional runaway is still a viable process for forming IMBHs at high redshift.
As was hinted at earlier, direct N-body simulations generally assume a sticky sphere approach such that if the the radii of two stars overlap, than the stars are considered to have merged. However, smooth particle hydrodynamics simulations which have studied the mergers of stars demonstrate that not all mass which enters the collision is actually retained by the final merger remnant (Dale and Davies, 2006; Trac et al., 2007; Glebbeek et al., 2013) . Depending on the orientation of the collision, for example, whether it is a grazing merger or head on collision, different amounts of mass can N-body Result With Stellar Evolution Fig. 2 . Comparing the growth of a VMS due to collisional runaway with an without stellar evolution at solar metallicity. Without stellar evolution (black line) , the direct N-body experiment predicts that this star will undergo 22 collisions which grow the star from an initial mass of 92.4 M to a final mass of 1118.9 M . When stellar evolution, stellar winds and mass loss due to the collision are included (red line), the VMS cannot maintain a large mass and ends up having a final remnant black hole mass of 13.9 M . The data used to make this plot was taken from Glebbeek et al. (2009). be lost from the system into the surrounding interstellar medium (Dale and Davies, 2006; Trac et al., 2007) . Furthermore, the amount of mass lost in the collision also depends on the types of stars which were involved in the process (Glebbeek et al., 2013) . For low metallicity clusters, this effect may be more important than mass loss due to stellar winds (Katz et al., 2015) .
In addition to the mass loss during the merger, various other physical mechanisms may affect the state of the merger remnant due to the violent process by which it formed. Kinetic energy may be transferred into the envelope of the collision remnant which can cause the cross section to swell by a factor of ∼ 100 for some fixed time scale (Dale and Davies, 2006) . While this may enhance the probability of future collisions, if too much energy is provided to the envelope after it has been expanded, it can be completely driven off resulting in mass loss which would act against the formation of a VMS (Dale and Davies, 2006) . The disruption of the star during the merger may deliver fresh hydrogen to the core (Dale and Davies, 2006; Glebbeek et al., 2008 Glebbeek et al., , 2013 . This can prolong the main sequence lifetime of the VMS which may allow it to grow larger due to the additional time it has to merge with other stars before undergoing supernova. While the analytical models discussed in Section 5.3 provide important insight into the systems which produce VMSs, it is clear that these may be upper limits as stellar evolution and stellar processes can have drastic effects on the formation of a VMS.
Growth of the VMS: N-Body Simulations
Direct N-body simulations of sufficiently massive and dense star clusters corroborate the idea that VMSs can form in clusters due to collisional runaway with having masses M > 1000 M (Portegies Zwart et al., 1999; Portegies Zwart and McMillan, 2002; Portegies Zwart et al., 2004) . Similarly without including stellar evolution, the growth of these stars is consistent with the results from analytical models (Portegies Zwart and McMillan, 2002) . Nevertheless, these systems are already deeply nonlinear and with the inclusion of stellar processes and stellar evolution, numerical simulations are arguably the best way to evaluate the probability each cluster has in forming a VMS. Furthermore, with advances in computing, thousands of direct N-body simulations can be run simultaneously, accelerated by GPUs, which has opened the possibility of testing various parameters in a statistically rigorous fashion (Katz et al., 2015) . Katz et al. (2015) , using star cluster initial conditions constrained from high resolution cosmological simulations, have presented one of the most complete studies which tested the multitude of star cluster parameters which may affect the growth of a VMS. They tested the effects of varying the viral parameter, degree of initial mass segregation, the fractal degree, the initial central density, the stellar IMF, the fraction of primordial binaries, the mass of the star cluster, the initial shape of the cluster (i.e. spherical or having the same structure and rotation properties as the gas clouds in the simulation), the star formation efficiency, and the density profile of the cluster. Furthermore, all sets of parameters were simulated multiple times to determine to probability that a star cluster with a given set of parameters forms a VMS as well as how massive the VMS becomes.
For the dense star clusters simulated in Katz et al. (2015) , core collapse occurs very rapidly compared to the main sequence life times of the most massive stars. The star clusters are relatively low mass (i.e. only a few×10
4 M ) compared to the dense globular clusters and nuclear star clusters observed in the local Universe. In these systems they find that varying the density profile, degree of mass segregation, viral parameter and fractal degree all play minimal roles in determining how massive a VMS becomes as well as the probability of forming a VMS from the cluster. This may be due to the fact that in this type of system, only 5 − 10% of the cluster simulated underwent collisional runaway and formed a VMS with M > 260 M . Similarly, little difference was found between the spherical and non-spherical clusters. The introduction of binaries drastically increased the number of collisions/mergers in the cluster; however, the VMSs which form in these clusters do not grow significantly larger than in clusters without as the mergers may be from binaries which do not include the VMS. Three body interactions in the dense star cluster cause the binaries to merge and therefore, a cluster initialized with binaries is much more efficient at producing stellar mergers than without. However, these mergers do not necessarily occur between the most massive stars nor at the center of the cluster. Star clusters which are initialized with 100% binaries and completely mass segregated are roughly three times less efficient at producing a VMS compared to a star cluster without primordial binaries and zero initial mass segregation. The inclusion of binaries can effectively heat the center of the cluster and delay core collapse (Heggie, 1975; Hut et al., 1992) . This limits the central density of the system and thus inhibits the number of mergers which can take place.
Direct N-body simulations demonstrate that the stellar IMF can have drastic differences on the mass a VMS can grow to at fixed cluster mass. Katz et al. (2015) find that more top heavy stellar IMFs produce VMSs which are much more massive on average. The fraction of clusters which produce a VMS is relatively consistent between the IMF but there is ∼ 50% difference in the maximum mass a VMS can reach between the more top heavy Flat IMFs and the more traditional Salpeter IMF. However, most important for both the formation probability and the mass a VMS can grow to is almost certainly the initial central density of the cluster as well as the mass of the cluster. In Figure 3 , we use the results from Katz et al. (2015) and show how the probability of forming a VMS in a given cluster as well as the mass of a VMS changes as a function of initial central density and mass. As the mass and initial central density are increased, both the probability of forming a very massive star and the maximum mass a very massive star can grow to increase steeply. In Figure 3 , once can see that star clusters with which have mass M < 10 5 M can produce VMSs with M > 1000 M . This mass star cluster is small compared to those observed in the local Universe, hence if these low mass systems at sufficiently high densities are indeed common in the early Universe, N-body experiments demonstrate that collisional runaway can be a promising mechanism for the formation of IMBHs at high redshift. Both the probability of forming a VMS and that mass at which a VMS grows two are extremely sensitive to the cluster mass and initial central density. Data points represent results from simulations while solid lines represent linear fits to the data. All data was taken from Katz et al. (2015) .
Predictions for Lower Redshift
Like all other models for black hole seed formation, it is crucial that the number density of black hole seeds produced by collisional runaway is greater than or equal to the number density of observed, high-redshift, supermassive black holes. For this model, calculating the number density of these seeds is far from straightforward as it requires knowledge of what fraction of star clusters produce a black hole and how massive these black holes become. Numerical simulations are the best tools for determining these values and as we have shown in the previous section, the black hole seed mass is very strongly dependent on the initial mass and central density of the cluster. Unfortunately there are still large uncertainties on the number density and properties of star clusters in the early Universe and while the cosmological hydrodynamical simulations of Katz et al. (2015) give insight into the plausibility of this process, determining the number of these seeds is much more difficult. Assuming that the final redshift at which collisional runaway can produce a black hole is z f in = 20 and that the average mass of the black hole seed is 300 M , Katz et al. (2015) parameterized the number density of supermassive black holes as
where f p is the fraction of metal enriched haloes c at z f in , f f is the fraction of these haloes that form a seed black hole, f edd is the fraction of those seeds that can accrete constantly at the Eddington rate, and n gal (> M thresh ) is the total number density of galaxies massive enough to form a star cluster in which collisional runaway can ensue. Katz et al. (2015) concluded that for a threshold mass of 5 × 10 6 M needed to form a high-redshift dense star cluster, if only 1% of all star clusters formed a seed, only 1/100,000 galaxies need to be metal enriched at z = 20 to explain the number density of observed supermassive black holes, if all seeds accrete efficiently. There is clearly a strong tradeoff between the number of seeds which accrete efficiently and the fraction of galaxies that are metal enriched.
As described earlier, Devecchi and Volonteri (2009) use an analytical model for the formation of high redshift primordial star clusters by assuming the form in metal enriched atomic cooling haloes. This model is placed into a cosmological context by assuming a redshift dependent halo mass function and metal accretion history. Knowing the mass, metallicity, and spin of each halo allows them to calculate the star cluster parameters as a function of redshift and determine which systems will undergo collisional runaway. Thus, number densities of black hole seeds can be computed as a function of redshift. In Figure 4 , we show the comoving mass density of supermassive black hole seeds as computed by Devecchi and Volonteri (2009) for five different models where the metallicity-redshift relation is varies, the scatter in this relation is varied, and the critical metallicity needed to form a Pop II star cluster is also varied. The variations in these models produces a c We assume that the process only occurs in metal enriched halos since simulations tend to predict that Pop. III stars form either individually or in small groups (Clark et al., 2008 (Clark et al., , 2011 Stacy et al., 2010; Greif et al., 2011) and thus collisional runaway is unlikely to occur. range in black hole seed mass densities from ∼ 4 M /Mpc 3 − 300M /Mpc 3 by z = 6. The seed masses in their model are typically ∼ 1000 − 2000 M and thus dividing the mass density by the mean seed mass give an average number density of ∼ 2.6Gpc −3 − 200Gpc −3 . Note that in all cases, the model of Devecchi and Volonteri (2009) seems to be above the observed number density of high redshift supermassive black holes at z ∼ 6−7 which has a lower limit constraint of 1.1Gpc −3 (Venemans et al., 2013) . 
Conclusion
We have described here both the physics of high redshift star clusters that lead to runaway stellar conditions as well as the formation mechanisms for these types of objects in the early Universe. The key conditions are that the core collapse time scale of the star cluster is significantly less than the lifetimes of the main sequence stars. This is a necessary, but insufficient condition that leads to collisional runaway. The probability that a star cluster undergoes this process is highly dependent on the initial central mass and density of the system (Katz et al., 2015) . Although the number density of these systems is highly uncertain, both analytical calculations and numerical simulations seem to suggest that it is plausible that a sufficient number of these IMBHs can be produced to explain the number density of z = 6 supermassive black holes (Katz et al., 2015; Devecchi and Volonteri, 2009) . The major open questions are whether or not these systems can accrete efficiently enough to grow supermassive within the first billion years. Furthermore, the properties of high redshift star clusters are still highly unconstrained. The latter is being addressed by state of the art numerical simulations that are beginning to sample multiple haloes and constrain the properties of primordial star clusters (Sakurai et al., 2017) . The former is a particularly difficult problem numerically however, some analytical work suggests that for star clusters which strong gas inflows, certain conditions may lead to super-Eddington growth (Alexander and Natarajan, 2014). Likewise, mergers with other stellar mass black holes may allow the dominant object to accrete mass extremely efficiently (Davies et al., 2011; Lupi et al., 2014) . Very recent studies now investigated collisions also in Population III clusters and explored the interaction between collisions and accretion . These topics certainly deserves further exploration and provide a promising channel for the formation of supermassive black hole seeds.
While we already discussed the statistical predictions of the collisionbased scenario and the comparison with observations, a detailed account on the current observational status is given in chapter 12, and predictions of other scenarios are outlined in chapter 9. Future observational probes of the masses of the first black holes are outlined in chapter 14. The next chapter 8 will describe the evolution of supermassive stars in more detail. Subsequent accretion physics, in particular the super-Eddington case, will be discussed in chapters 11 and 12.
